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JEMRE NF R E LTD Hybrid Systems QB}

Guckenheimer and Johnson, Planer Hybrid
Systems, Hybrid Systems II LNCS999, 202/255,
Springer 1995.
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. Threshold impulse stimuli: JRKEE(ZHKE L THIE

N RERFRICYIE 5 1 5 %R (iR (interrupted
dynamical system): $ 55 EimicLic & E(CA
VINIWADIAB R E

=

A 2/N)JVA]

n-

. Periodic impulse stimuli

A NI NS RTE

. Autonomous:IREEIZ{K7E L I s R 7EHY, break

point THLEILEHRETH D E D: RARERRE

. Nonautonomous:B%| (k7 L =R =AY,

BEMEEMATREE

break point THLEILERTH S55: L PE
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T. Ueta and H. Kawakami,“Composite dynamical

system for controlling chaos,” IEICE Trans.
Fundamentals, E78-A(6):708-714, June 1995.

Composite dynamical system

2 Poincaré BRI &k 5 EEEL
S BERRICEWVWT T4 — RNy a?‘ﬁlhﬁllaﬁ‘f
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Chua [E]3% Qg}

Analysis for the vector field of piecewise-linear
equation = can be achieved rigorously

2 Poincaré mapping

D Special characteristics of Jacobian matrix
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General piecewise-defined equations QD}

= Not smooth characteristics

Y impossible to obtain an exact solution

D required some technical preparations to
construct the Poincaré mapping
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o
Piecewise-Defined Differential Equation QD}

d
d—f:fi(az,)\) i=01.2- . m—1
te R, xe R, Ae R, f. is C"*°-class map

Piecewise-defined differential equations
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A solution:

zi(t) = pi(t, Tin) xi(0) = zip

Ty : an arbitrary initial value.

Condition

Poincaré section must be located at every break
point defined by ¢;(z;):

= {CBZ c R" ’ qz(acz) — O}
i=01.2-.m—1
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Connection

Characteristics of f
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Connection QD}

A flow until : + 2-th section:

xi1(t) = @it ;)

where

332'+1(O) — Ly = 90¢+1(O> CUz) — %‘(Tia 332'—1)
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A periodic solution (limit cycle)

Ly = Lm = ‘Pm—1(’Tm, «’13m—1)

T \/\m_l % The limit cycle
n3\ o \ hits all Poincaré
»(Pz I, \ sections.
I, / o > The limit cycle is
T P " continuous but not
V I, differentiable for

1 all states.
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Definition of local mappings QD}
TQ . HO — H1
L — L1 = 33(7'0) — QOO(TQ, CU())
T1 . H1 — H2
Ty > Ty =x(11) = (71, T1)
Tm—l Hm—l — HO
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period of the limit cycle

Poincaré mapping (differentiable)

T'=1TyoTio0---01T,,_1
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Jacobian matrix of T

A s
Oxol,_, 57 0Tl
where
0T; Oxip1 Oy, | Op. 01, O, OT;

ot 0w, ow, I

ox; ox ox; ox;
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Equations of Poincaré sections are also
differentiable:

Qir1(x;) = qir1(p;, xy) =0

ll

0¢i+1 &le oT; o

where ¢, = qo.
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0T; B 041 |7 1 . 0¢i+1 | Op;
ox; Ox; | " 0¢1 Loz | Oz,
_ ox . .f@ i

0w, /0x |can be obtained by solving the

following variational equations from ¢ = 0 to ¢ = 7;.

d (0p;\ _Of; | 0p;

dt <8azi> = g el @) <8azi>
0p;
8:13@- r—0

=1, i=012"--m—1.
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A local coordinate u € ¥y C R"™'
with projection p and embedding map p~*

p:lly— 3y, p ' :Xy— I
Poincaré mapping on the local coordinate:
T): Y0 — So; ur—poTop H(u)

A fixed point of the Poincaré mapping is obtained
by solving the following equation.

Ty(u) —u=20
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The Jacobian matrix required in Newton’s method

is given by:
o1y
— = DT,
8u0 g(_UO)
Op
- 27
ox

~ Op OT Op~!
- Ox 0xy Ou

1 8(]0

dqo fo | 8—:13

5 0

Dy Op

—1

8:130 ou
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Composite of 7;. and local coordinate > QD}
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Why do we prepare the local coordinate ??

In case: f is smooth

Multiple Poincaré section for a limit cycle:

V' N

L)

ol, 017 0T, 0I5
8—:130 | 0xq | 0xo | 0xs
g Opy _ 0o _ Ops
Oxy Ox; Oxos Oxs
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Multiple shooting method for smooth f; QB}

The roots of the characteristic equation

Dy

8330

ul,| =0

are coincident with correct eigenvalues (multipliers)
of the fixed point of the Poincaré mapping
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In case: f is smooth QD}

0Ty ~ Op OT Op~1
gy~ DT 0) = 5 s O
where
oT "o,
8—330 t=7 N g 0 Ult=r;
0T; B 041 |7 1 f. . 0¢i+1 | Op;
ox; Ox; | " 0¢ " Ox | Oz,
_ ox fz i
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V' N
n — 1 roots of the characteristic equation QD}

01y
8u0
Op
I,| =0 tu=1.
D 14 except u
ll
9,
We can use 7 iy,
8330
01y
I,
8u0 a !

1l, 1| = 0 are coincident with roots of

— () instead of

=0

Jacobian matrices become more simple. = A
number of variational equations can be reduced.

XDRERTEH COHENDRE, FIERMII—E
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In case: f is not smooth QB}

Dy

8:130

X(M):’DT_UIn’:O or pl,) =0

has no correct eigenvalues. We must use

Xe(p) = |DTy — pdyy 1| = 0

» The vector field at the Poincaré section is
discontinuous.

Dy

8:130
return correct eigenvalues. (unconfirmed)

® In a piecewise linear system,

ul,| =0

Newton’s method:
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E le—Alpazur Oscillator
xample paz s QD}
+—9 SW
G Y a b
L (v) C
§ p
/ R R,
r
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Example—Alpazur Oscillator QE)

H. Kawakami and R. Lozi. “Switched Dynamical
Systems — dynamical of a class of circuits with
switch —,” Proc. RIMS Conf. “Structure and
Bifurcations of Dynamical Systems,” ed. by S.
Ushiki, World Scientific, pp.39-58, 1992.

% An nonlinear resistor G(v) = v — v3/3.

D A switch SW depends the states of the system
= Hysteresis properties
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Hysteresis characteristics
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Alpazur equation QD}

dx

SW:a ? - ! - b
d_?z = I+(1—91)y—§yg+31 = 9o
dx

SW:b ccllgi !
T $+(1—92)y—§y3+32 = 0

H={(z,y)ly =2 h}, B={(z,y)ly<0b;
OH = (z,y)ly =h}, OB ={(z,y)ly=>0b},b>nh
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A
H :x(t) = po(t, Zo, Yo, Ao, A)s y(t) = do(t, Zo, Yo, Ao, A)D}

B :a(t) = pi(t, z1, 91, A1, A), y(t) = o1(¢, 21, 1, A1, A)

[y, = {ue B|q(r,y)=y—b=0}
I = {veH|q(r,y)=y—h=0}

To: 1y — 1L
o 1= o(10(T0, Yo, Aos A), T1, Y1, Aoy A)
Yo — Yy1=n~h

17 1I; — 1l
r1 22 = ©1(71(T0, Yo, A1, A), T1, Y1, A1, A)
Y1 = Yo =0b
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T:T()OTl
P
p: 1y — Xy = — U=
—1] _:’E_
p o 2g— 1y u==x — I = :

The Jacobian matrix of the Poincaré mapping:

~ Op OT Op~1

DTi(u) = Ox Oug Ou
_ (990 JoOpo\ (Op1  f10¢
drg  go Oxg dr1 g1 0wy
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Global bifurcations: a special property of the system
with non-smooth characteristics
J
An orbit trapped into a singular orbit going to the
pseudo-equilibrium
(the orbit touches the boundary tangentially)
dy

=0
dt

Tﬁm(wo) — Loy — 07 y’t:n — 07

t:TZ'
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1 A A& — External force control

T = @)+ K@ - 2(1)
H&t:
1. HAAPDORREHE Z SIEEICFTE e
2. FREMEDIFERZEZAEVICEA, ENRL
J4—FNNy D95
3. [ DX - X3 Tl a]ge
A RERENSHEEICKEFS ZENERE
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Border-Collision 9l QB}

D BEREROFENY v = f(z) ISDWT, df /dx ¥
EHCHRWEEITE L%Tﬁt’ﬁ

> k Jb/ \T%ﬁ_k— (')

[J%FEE’JLC%‘/ FEHRERCHEEICES ]
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Y-y T Qfﬁ)

(vp — Ey)e P + By if v, <D
Vg1 = (e

v € if vp. > D
TUT—El

Border: D = (v, — Ey)el + E;
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Bifurcation diagram
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Trajectory QB}

3.0 . .

1.0 | -

F(Vk) —

0.0 ' '
0.0 1.0 2.0 3.0
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Tent map

1
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Bifurcation diagram

Tent map:

Logistic map

Workshop on Hybrid Systems — p. 46/48



o
BC 4yl Qﬁ)
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Y LBAKRAAUN=F - A VN=FTHEIVES
= Prof. C. K. Tse (Hong Kong)

= Prof. S. Banerjee (India)

S A —REAAAECRBICERKRT 5 2 EMT[EE?
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